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Abstract: In this work we present a systematic study of the proton radioactivity half-lives of spherical proton
emitters within the Coulomb and proximity potential model. We investigate 28 different versions of the proximity
potential formalisms developed for the description of proton radioactivity, α decay and heavy particle radioactivity. It
is found that 21 of them are not suitable to deal with the proton radioactivity, because the classical turning points rin
cannot be obtained due to the fact that the depth of the total interaction potential between the emitted proton and
the daughter nucleus is above the proton radioactivity energy. Among the other 7 versions of the proximity potential
formalisms, it is Guo2013 which gives the lowest rms deviation in the description of the experimental half-lives of
the known spherical proton emitters. We use this proximity potential formalism to predict the proton radioactivity
half-lives of 13 spherical proton emitters, whose proton radioactivity is energetically allowed or observed but not yet
quantified, within a factor of 3.71.
PACS: 23.50.+z, 21.10.Tg
1 Introduction
The study of exotic nuclei, one of the hot topics in
contemporary nuclear physics, led to the discovery of a
new decay mode–proton radioactivity. In 1970, Jack-
son et al. firstly detected the proton radioactivity from
the isomeric state of 53Co to the ground state of 52Fe in
experiment [1]. With the development of experimental
facility, the proton radioactivity of nuclei from ground
state or low-lying isomer state has been observed in the
mass number region A =110–180 [2]. Proton radioac-
tivity, a typical decay mode of odd-Z nuclei beyond the
proton drip line, limits the creation of more proton-rich
nuclei in the proton side of β-stability line. Moreover, the
study of proton radioactivity can obtain some important
information of nuclear structure such as the shell struc-
ture, the coupling between bound and unbound nuclear
states [3] and so on. In addition, proton radioactivity
half-life is sensitive to proton radioactivity energy and
angular momentum carried out by emitted proton [2].
Therefore, measurements of the half-life and decay en-
ergy of proton radioactivity help to determine the angu-
lar momentum taken away by the emitted proton and to
characterize its wave function inside the nucleus [4–8].
The proton radioactivity can be dealt with the
Wentzel-Kramers-Brillouin (WKB) method because this
process can be treated as a simple quantum tunneling
effect through a potential barrier in the same way as
α decay. There are many methods to investigate the
proton radioactivity such as the density-dependent M3Y
effective interaction [9–11], the JLM interaction [9], the
unified fission model [7, 12], the generalized liquid drop
model (GLDM) [6], the cluster model [8], the deformed
density-dependent model [13, 14], the Gamow-like model
[15], the Coulomb and proximity potential model for
deformed nuclei (CPPMDN) [16], the covariant density
functional (CDF) theory [17], the analytic formula [18],
the distorted-wave Born approximation (DWBA) [19],
the two-potential approach (TPA) [19], the quasiclassi-
cal method [19] and so on [20–22].
The proximity potential was put forward by Blocki
et al. to deal with heavy ion reaction [23]. As a nucleus-
nucleus interaction potential, it is based on the proximity
force theorem [23, 24], which is described as the product
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of a factor depending on the mean curvature of the in-
teraction surface and an universal function (depending
on the separation distance) and is independent of the
masses of colliding nuclei [25]. It has the advantages of
simple and accurate formalism. In order to overcome
the shortcomings of the original version of the prox-
imity potential (Prox.1977) [23], various improvements
and modifications have been proposed. Those develop-
ments included either a better form of the surface energy
coefficients [26–33], or introduced an improved univer-
sal function or another nuclear radius parameterization
[24, 25, 34–45].
Recently, comparative studies of various proximity
potential formalisms for describing α decay and heavy
particle radioactivity have been performed by Yao et al.
[46], Ghodsi et al. [47] and Santhosh et al. [48], respec-
tively. In addition, the proximity potential formalisms
were used to study the heavy ion fusion [49, 50] and
ternary fission [51, 52]. In our previous works [53, 54], we
investigated the α decay within the proximity potential
1977 formalism [23] and generalized proximity potential
1977 formalism (gp77, Prox.81) [24, 55]. In these works,
the nuclear potential can be obtained easily and the cal-
culations can well conform to the experimental data by
using the proximity potential formalism. Therefore, it
has been demonstrated that the proximity potential for-
malism is a simple and convenient approach applicable
in different domains of nuclear physics. It is interesting
and important to show its capacities and performance
to describe various decay modes. Therefore, the main
objective of this work is to investigate the applicability
of various proximity potentials to proton radioactivity
of spherical proton emitters. The calculations indicate
that the proximity potential Guo2013 formalism gives
the lowest rms deviation in the description of the exper-
imental half-lives of the known spherical protons emit-
ters. Using this proximity potential formalism we predict
the proton radioactivity half-lives of 13 spherical proton
emitters, whose proton radioactivity is energetically al-
lowed or observed, but has not been quantified yet.
This article is organized as follows. In Section 2, the
theoretical frameworks of proton radioactivity half-life
and proximity potential formalism are briefly described.
The detailed calculations and discussion are presented in
Section 3. Finally, a summary is given in Section 4.
2 Theoretical framework
2.1 The proton radioactivity half-life
The proton radioactivity half-life is related to the de-
cay constant λ as
T1/2 =
ln2
λ
, (1)
here the decay constant λ can be obtained by
λ= νP, (2)
where ν is the assault frequency related to oscillation
frequency ω [47]. It can be obtained by
ν=
ω
2pi
=
2Eν
h
, (3)
where h is the Planck constant. The zero-point vibration
energy Eν is proportional to proton radioactivity energy
Qp [56], which can be obtained by
Eν =

0.1045Qp, for even-Z-even-N -parent nuclei,
0.0962Qp, for odd-Z-even-N -parent nuclei,
0.0907Qp, for even-Z-odd-N -parent nuclei,
0.0767Qp, for odd-Z-odd-N -parent nuclei.
(4)
P , the semiclassical WKB barrier penetration probabil-
ity, can be calculated by
P = exp(−2
∫ rout
rin
k(r)dr), (5)
where k(r) =
√
2µ
~2 |Qp−V (r)| is the wave number of the
emitted proton. µ= m1m2
m1+m2
denotes the reduced mass of
the two-body system with m1 being the daughter nucleus
mass and m2 being the proton mass. ~ is the reduced
Planck constant. r is the distance between the centers
of the emitted proton and of the daughter nucleus. V (r)
and Qp are the total proton-core interaction potential
and proton radioactivity energy, respectively. rin and
rout are the classical turning points, they satisfy the con-
ditions V (rin) =V (rout) =Qp.
The total interaction potential V (r), between the
emitted proton and daughter nucleus, is composed of
the nuclear potential VN(r), Coulomb potential VC(r)
and centrifugal potential Vl(r). It can be expressed as
V (r) =VN(r)+VC(r)+Vl(r). (6)
In this work we adopt the proximity potential formalism
to calculate the emitted proton-daughter nucleus nuclear
potential VN(r). The details are given in Section 2.2.
VC(r) is a Coulomb potential hypothesized as the po-
tential of a uniformly charged sphere of radius R:
VC(r) =
{
Z1Z2e
2
2R
[3−( r
R
)2], r <R,
Z1Z2e
2
r
, r >R,
(7)
where R=R1+R2. R1 and R2 denote the radii of daugh-
ter nucleus and emitted proton, respectively. Various
expressions for Ri (i = 1,2) within different proximity
potential formalisms are given in Section 2.2. Z1 and Z2
are the proton number of daughter nucleus and emitted
proton, respectively.
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For the centrifugal potential Vl(r), we adopt the
Langer modified form, because l(l+1)→(l+ 1
2
)2 is a nec-
essary correction for one-dimensional problems [57]. It
can be expressed as
Vl(r) =
~2(l+ 1
2
)2
2µr2
, (8)
where l is the angular momentum taken away by the
emitted proton. The minimum angular momentum lmin
taken away by the emitted proton can be obtained by
the conservation laws of spin and parity.
2.2 The proximity potential formalism
In the present work we select 28 versions of proxim-
ity potential formalisms to calculate the proton-daughter
nucleus nuclear potential VN(r), which are: (i) Bass73
[34, 35] and its revised versions Bass77 [36] and Bass80
[37], (ii) CW76 [38] and its revised versions BW91 [37]
and AW95 [39], (iii) Ngoˆ80 [40], (iv) Denisov [41] and
its revised version Denisov DP [25], (v) Guo2013 [42],
(vi) Prox.77 [23] and its 12 modified forms on the ba-
sis of adjusting the surface energy coefficient [26–33],
(vii) Prox.81 [24], (viii) Prox.00 [43] and its revised ver-
sions Prox.00 DP [25], Prox.2010 [44], and Dutt2011 [45].
We find that only 7 of total 28 versions of the proxim-
ity potential formalisms can be used to deal with pro-
ton radioactivity, which are Bass73 [34, 35], CW76 [38],
Denisov [41], Denisov DP [25], Guo2013 [42], Prox.00
DP [25] and Prox.2010 [44]. For the other versions of
the proximity potential formalisms in process of handling
some proton emitters, the classical turning points rin can-
not be obtained through solving equation V (rin) = Qp
due to the fact that the depth of V (r) is located above
the proton radioactivity energy Qp. These 7 versions of
proximity potential formalisms, which can be used to cal-
culate the half-life of proton radioactivity, are expressed
as follows:
2.2.1 The proximity potential Bass73
Based on the liquid drop model [34, 35] Bass obtained
the nuclear potential with the difference in surface ener-
gies between finite and infinite separation ξ. It is labeled
as Bass73 and expressed as
VN(r) =−4piγ dR1R2
R
exp(− ξ
d
)
=
−dasA
1
3
1 A
1
3
2
R
exp(−r−R
d
),
(9)
where γ is the specific surface energy of the liquid drop
model. d = 1.35 fm is the range parameter. as = 17.0
MeV represents the surface term in the liquid drop model
mass formula. The sum of the half-maximum density
radii R = R1 +R2 = r0(A
1
3
1 +A
1
3
2 ), where r0 = 1.07 fm,
R1, A1 and R2, A2 are the radii and mass numbers of
daughter nucleus and emitted proton, respectively.
2.2.2 The proximity potential CW76
By analyzing the heavy-ion elastic scattering data,
Christensen and Winther [38] gave the empirical nuclear
potential. It is labeled as CW76 and expressed as
VN(r) =−50 R1R2
R1+R2
φ(r−R1−R2), (10)
with radius
Ri = 1.233A
1
3
i −0.978A−
1
3
i (i= 1, 2). (11)
The universal function φ(r−R1−R2) = exp(− r−R1−R20.63 ).
2.2.3 The proximity potential Denisov
Denisov presented a expression for the nuclear po-
tential part of ion-ion interaction potential by choosing
119 spherical or near spherical even-even nuclei around
the β-stability line in the semi-microscopic approxima-
tion between all possible nucleus-nucleus combinations
[41]. This proximity potential is labeled as Denisov and
written as
VN(r) =−1.989843 R1R2
R1+R2
φ(ξ)× [1+0.003525139
×(A1
A2
+
A2
A1
)
3
2 −0.4113263(I1+I2)],
(12)
here I1 and I2 are isospin asymmetry of daughter nucleus
and emitted proton obtained by Ii =
Ni−Zi
Ni+Zi
(i = 1, 2).
N1, Z1, R1 and N2, Z2, R2 denote the neutron number,
proton number and the effective nucleus radii of daughter
nucleus and emitted proton, respectively. The effective
nucleus radii can be obtained by
Ri =Rip(1−3.413817
R2ip
)+1.284589(Ii− 0.4Ai
Ai+200
) (i= 1, 2),
(13)
with proton radius Rip calculated by
Rip = 1.240A
1
3
i (1+
1.646
Ai
−0.191Ii) (i= 1, 2). (14)
The universal function φ(ξ) =φ(r−R1−R2−2.65) is
expressed as
φ(ξ) =

{1−ξ2[0.05410106 R1R2
R1+R2
exp(− ξ
1.760580
)
−0.5395420(I1+I2)exp(− ξ2.424408 )]}
×exp( −ξ
0.7881663
), ξ≥ 0,
1− ξ
0.7881663
+1.229218ξ2−0.2234277ξ3
−0.1038769ξ4− R1R2
R1+R2
(0.1844935ξ2
+0.07570101ξ3)+(I1+I2)(0.04470645ξ
2
+0.03346870ξ3), −5.65≤ ξ≤ 0.
(15)
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2.2.4 The proximity potential Denisov DP
The proximity potential Denisov DP formalism is the
modified version of Denisov which uses a more precise ra-
dius formula given by Ref. [58] and expressed as
Ri = 1.2332A
1
3
i +
2.8961
A
2
3
i
−0.18688A 13i Ii (i= 1, 2). (16)
2.2.5 The proximity potential Guo2013
By using the double folding model with density-
dependent nucleon-nucleon interaction and fitting the
universal functions of many reaction systems, Guo et al.
presented a new universal function of proximity poten-
tial model [42]. This proximity potential is labeled as
Guo2013 and expressed as
VN(r) = 4piγb
R1R2
R1+R2
φ(ξ), (17)
where the diffuseness of nuclear surface b is taken as
unity, the surface coefficient γ can be obtained by
γ= 0.9517[1−1.7826(N−Z
A
)2], (18)
here N , Z and A are neutron, proton and mass num-
bers, respectively, of the parent nucleus. R1 and R2 can
be given by
Ri = 1.28A
1
3
i −0.76+0.8A−
1
3
i (i= 1, 2). (19)
The universal function φ(ξ) is expressed as
φ(ξ) =
p1
1+exp( ξ+p2
p3
)
, (20)
where ξ= r−R1−R2
b
. p1, p2 and p3 are adjustable param-
eters, whose values are -17.72, 1.30 and 0.854, respec-
tively.
2.2.6 The proximity potential Prox.00 DP
Based on the proximity potential Prox.00 [43], Dutt
and Puri presented a modified version of Prox.00 by
choosing a more precise radius formula given by Royer
and Rousseau [58]. It is labeled as Prox.00 DP [25] and
expressed as
VN(r) = 4piγbR¯φ(ξ), (21)
where the mean curvature radius R¯ can be obtained by
R¯=
C1C2
C1+C2
, (22)
here C1 and C2 denote the matter radii of daughter nu-
cleus and emitted proton, respectively. Based on the
droplet model, they can be given by
Ci = ci+
Ni
Ai
ti (i= 1, 2), (23)
where c1 and c2 are the charge distribution half-density
radii of daughter nucleus and emitted proton. They can
be expressed as
ci =Ri(1− 7b
2
2R2i
− 49b
4
8R4i
) (i= 1, 2), (24)
with the nuclear charge radius [58]
Ri = 1.2332A
1
3
i +
2.8961
A
2
3
i
−0.18688A 13i Ii (i= 1, 2). (25)
Based on the droplet model [59], the neutron skin of
daughter nucleus t1 can be given by
t1 =
3
2
r0
SI1− 112gZ1A
− 1
3
1
Q+ 9
4
SA
− 1
3
1
, (26)
where r0 = 1.14 fm, the nuclear symmetric energy coef-
ficient S = 32.65 MeV, and g = 0.757895 MeV. Q= 35.4
MeV is the neutron skin stiffness coefficient. In this work
t2 = 0.
The surface energy coefficient γ can be obtained by
γ=
1
4pir20
(18.63−Q t
2
1
2r20
). (27)
The universal function φ(ξ) is expressed as
φ(ξ) =
{
−0.1353+∑5
n=0
cn
n+1
(2.5−ξ)n+1, 0<ξ≤ 2.5,
−0.09551exp( 2.75−ξ
0.7176
), ξ≥ 2.5,
(28)
here ξ = r−C1−C2
b
is the distance between the near sur-
face of the daughter and emitted proton with the width
parameter b taken as unity. The values of cn are c0 =
−0.1886, c1 = −0.2628, c2 = −0.15216, c3 = −0.04562,
c4 = 0.069136 and c5 =−0.011454 taken from Ref. [25].
2.2.7 The proximity potential Prox.2010
Using a suitable set of the surface energy coefficient
γ, nuclear charge radius Ri and universal function φ(ξ),
Dutt and Bansal [44] presented another modified version
of proximity potential Prox.00 [43]. It is labeled as the
proximity potential Prox.2010 and expressed as
VN(r) = 4piγbR¯φ(ξ), (29)
here the width parameter b is taken as unity. The surface
energy coefficient γ is taken from Ref. [26] and expressed
as
γ= γ0[1−ks(N−Z
A
)2], (30)
where the surface energy constant γ0 = 1.25284 MeV/fm
2
and surface-asymmetry constant ks = 2.345 are given by
Ref. [60]. The mean curvature radius R¯, matter ra-
dius Ci, half-density radius of the charge distribution ci,
nuclear charge radius Ri and neutron skin of daughter
4
nucleus t1 are the same as Eq. (22), Eq. (23), Eq. (24),
Eq. (25) and Eq. (26), respectively. Similarly, t2 = 0.
The universal function φ(ξ) =φ( r−C1−C2
b
) can be ob-
tained by
φ(ξ) =

−1.7817+0.9720ξ+0.143ξ2−0.09ξ3,
ξ≤ 0,
−1.7817+0.9720ξ+0.01696ξ2−0.05148ξ3,
0≤ ξ≤ 1.9475,
−4.41exp( −ξ
0.7176
), ξ≥ 1.9475.
(31)
3 Results and discussion
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Fig. 1. (Color online) The distributions of total
emitted proton-core interaction potential V (r) in-
cluding the 21 versions of proximity potentials for
145Tm.
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Fig. 2. (Color online) The distributions of total
emitted proton-core interaction potential V (r) in-
cluding the 7 versions of proximity potentials for
145Tm.
The aim of the present work is to perform a compara-
tive study of various proximity potentials when they are
applied to the proton radioactivity of spherical proton
emitters. We find that for these 21 versions of prox-
imity potentials formalisms: Bass77 [36], Bass80 [37],
BW91 [37], AW95 [39], Ngoˆ80 [40], Prox.77 [23] and its
12 modified versions [26–33], Prox.81 [24], Prox.00 [43]
and Dutt2011 [45] are not suitable to calculate the pro-
ton radioactivity half-lives. In those cases, the classical
turning points rin cannot be obtained through solving
equation V (rin) = Qp due to the fact that the depth of
the total interaction potential V (r) between the emitted
proton and the daughter nucleus is above the proton ra-
dioactivity energy Qp for some proton emitters. Let us
consider 145Tm as an example. Fig. 1 shows the total in-
teraction potential V (r) obtained from those 21 proxim-
ity potentials mentioned above. From this figure, we can
clearly see that all the depths of V (r) are above the Qp.
It indicates that the aforementioned 21 versions of prox-
imity potential formalisms are inappropriate for dealing
with proton radioactivity. In the remainder of this pa-
per, we will investigate the proton radioactivity half-lives
by using the other 7 versions of proximity potential for-
malisms i.e., Bass73 [34, 35], CW76 [38], Denisov [41],
Denisov DP [25], Guo2013 [42], Prox.00 DP [25] as well
as Prox.2010 [44], and give the most suitable one in as-
pect of calculating the proton radioactivity half-lives.
The experimental data and calculations are summa-
rized in Tables 1 and 2. In these tables, the first and
second columns denote the proton radioactivity transi-
tion from the parent nucleus to daughter nucleus and
the experimental proton radioactivity energy. The third
and fourth columns represent the spin-parity transition
from initial state to final state and the minimum an-
gular momentum taken away by the emitted proton.
The fifth column is the experimental proton radioactiv-
ity half-life denoted as T exp1/2 . The calculated proton ra-
dioactivity half-lives by using the proximity potentials
Bass73, CW76, Denisov, Denisov DP are respectively
listed in the last four columns of Table 1 and denoted as
TBass731/2 , T
CW76
1/2 , T
Denisov
1/2 , T
Denisov DP
1/2 . The calculations by
adopting the the proximity potentials Guo2013, Prox.00
DP, Prox.2010 are respectively given in the last three
columns of Table 2 and denoted as TGuo20131/2 , T
Prox.00DP
1/2 ,
TProx.20101/2 . Experimental proton radioactivity half-lives,
spin and parity are taken from the latest evaluated nu-
clear properties table NUBASE2016 [61], the proton ra-
dioactivity energies are taken from the latest evaluated
atomic mass table AME2016 [62, 63].
From Tables 1 and 2, we clearly see that vari-
ous calculations predict very different half-lives, and
that TBass731/2 , T
CW76
1/2 , T
Denisov DP
1/2 , T
Prox.00 DP
1/2 as well as
TProx.20101/2 are quite different from the respective exper-
imental values. Furthermore, we find that TGuo20131/2 is
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the closest to T exp1/2 , while T
Denisov
1/2 can in general repro-
duce the experimental values in magnitude. Based on
our comparative analysis we can explore what particu-
lar feature of a given potential impacts these differences
between various theoretical calculations, as well as dif-
ferences between theory and experiment. From Section
2.1 we can find that proton radioactivity half-life can be
obtained by the assault frequency ν, which is dependent
on proton radioactivity energy Qp, and barrier penetra-
tion probability P , which is related to the total emitted
proton-daughter nucleus interaction potential V (r) and
Qp. However, for a given proton emitter, Qp and the
centrifugal barrier are fixed. Therefore, these are vari-
ous versions of the nuclear potential, VN(r), and of the
Coulomb potential, VC(r), which cause the differences
between calculated half-lives. In order to verity this con-
clusion, taking 145Tm for instance, we plot its 7 versions
of total emitted proton–daughter nucleus interaction po-
tential distributions in Fig. 2. From this figure, we can
find that for various versions of V (r) the values of rout are
the same, while the values of rin are different. Moreover,
the heights of V (r) are different. The minimal value of
rin and highest height of V (r) in the CW76 formalism
caused the minimum barrier penetration probability P .
Thus TCW761/2 is the maximum calculation in Table 1 and
2. Similarly, the maximum value of rin and the lowest
height of V (r) in the Denisov DP formalism caused the
smaller TDenisov DP1/2 than T
exp
1/2 .
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Fig. 3. (Color online) Logarithmic half-lives of ex-
perimental and calculated data. The red trian-
gles and blue circles denote the logarithms of ex-
perimental half-lives T exp1/2 and calculated results
TGuo20131/2 , respectively.
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Fig. 4. The logarithmic differences between
log10T
Guo2013
1/2 and log10T
exp
1/2 .
The T exp1/2 and T
Guo2013
1/2 are plotted logarithmically in
Fig. 3. From this figure, we can see that the TGuo20131/2
can well reproduce the T exp1/2 . In order to intuitively
survey their deviations, we plot the difference between
the logarithmic values of TGuo20131/2 and T
exp
1/2 in Fig. 4.
From this figure, we can clearly see that the values of
log10(T
Guo2013
1/2 /T
exp
1/2 ) are mainly around zero, indicating
that TGuo20131/2 is in good agreement with the experimen-
tal data. In order to intuitively survey the deviations be-
tween proton radioactivity half-lives of calculations and
experimental data, we calculate the standard deviation
between the logarithmic values of calculations and ex-
perimental data σ=
√∑
(log10(T
calc
1/2 /T
exp
1/2 ))
2/n. The re-
sults for TBass731/2 , T
CW76
1/2 , T
Denisov
1/2 , T
Denisov DP
1/2 , T
Guo2013
1/2 ,
TProx.00 DP1/2 and T
Prox.2010
1/2 are listed in Table 3. We find
that the values of σ for Bass73, CW76, Denisov DP,
Prox.00 DP and Prox.2010 are large. This indicates that
these five proximity potentials are not suitable to deal
with the proton radioactivity of spherical proton emit-
ters. For Denisov and Guo2013 the calculations can con-
form to the experimental data in magnitude. However,
the value of σ for Guo2013 is minimum. It demonstrates
that the Guo2013 formalism can be adopted to obtain
the most precise calculations of proton radioactivity half-
lives of spherical proton emitters. In addition, Santhosh
and Sukumaran studied the proton radioactivity half-
lives using the CPPM and CPPMDN [16]. In this work,
we calculated the standard deviations between their cal-
culations within two theoretical models and experimental
data of spherical proton emitters. The standard devia-
tions for CPPM is less than CPPMDN (σCPPM = 1.206,
σCPPMDN = 1.229). This is consistent with their conclu-
sion i.e., the calculated proton radioactivity half-lives by
CPPM can better reproduce the experimental data than
ones calculated by CPPMDN on the whole.
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As an application, we use the proximity potential
Guo2013 formalism to predict the proton radioactivity
half-lives of 13 spherical proton emitters, whose proton
radioactivity is energetically allowed or observed but not
yet quantified in NUBASE2016 [61]. The predicated re-
sults are listed in Table 4. In this table, the first four
columns are same as Tables 1 and 2. The fifth one is the
predicted proton radioactivity half-life within proximity
potential Guo2013 formalism also denoted as TGuo20131/2 .
The spin and parity are taken from the NUBASE2016
[61], the proton radioactivity energies are taken from the
AME2016 [62, 63]. Based on the σ = 0.569 of Guo2013
for 27 nuclei in the same region with predicted proton
emitters, thus the predicted proton radioactivity half-
lives are within a factor of 3.71.
Recent research has shown that the Geiger-Nuttall
law can be used to describe the proton radioactivity iso-
topes with same angular momentum [16]. In order to test
our predictions, we plot the linear relationships between
log10T
Guo2013
1/2 and Q
−1/2
p of proton emitters
144,45,147Tm,
146Tmn, 159,160,161Re and 164,165,166,167,169Irm in Fig. 5.
Each kind of isotopes have the same angular momen-
tum l. In particular, the calculated proton radioactiv-
ity half-lives of 144Tm, 146Tmn, 159Re, 164Irm and 169Irm
are taken from Table 4. From Fig. 5, we can find that
the log10T
Guo2013
1/2 are linearly dependent on Q
−1/2
p . It is
demonstrated that our predictions are credible.
Table 1. Calculations of proton radioactivity half-lives using the proximity potential formalism Bass73, CW76,
Denisov and Denisov DP. Elements with upper suffixes ‘m’ and ‘n’ indicate assignments to excited isomeric states
(defined as higher states with half-lives greater than 100 ns). ‘()’ means uncertain spin and/or parity. ‘#’ means
values estimated from trends in neighboring nuclides with the same Z and N parities. The experimental proton
radioactivity half-lives, spin and parity are taken from the NUBASE2016 [61], the proton radioactivity energies are
taken from the AME2016 [62, 63]. All proton radioactivity half-lives and energies are in units of ‘s’ and ‘MeV’.
Proton emission Qp Jpii → Jpif lmin T exp1/2 TBass731/2 TCW761/2 TDenisov1/2 TDenisov DP1/2
(MeV) (s) (s) (s) (s) (s)
145Tm→144Er 1.741 (11/2−)→ 0+ 5 3.17×10−6 1.87×10−4 6.98×10−4 4.21×10−7 8.43×10−10
146Tm→145Er 0.891 (1+)→ 1/2+# 0 1.55×10−1 4.69×100 3.12×101 1.87×10−1 1.47×10−3
146Tmm→145Erm 1.001 (5−)→ 11/2−# 0 7.50×10−2 7.53×10−2 5.04×10−1 3.11×10−3 2.55×10−5
147Tm→146Er 1.059 11/2−→ 0+ 5 3.74×100 6.50×102 2.31×103 1.26×100 2.11×10−3
147Tmm→146Er 1.120 3/2+→ 0+ 2 3.60×10−4 1.43×10−2 9.06×10−2 3.36×10−4 2.07×10−6
150Lum→149Yb 1.291 (1+,2+)→ (1/2+) 0 4.00×10−5 7.69×10−5 5.09×10−4 3.09×10−6 2.67×10−8
151Lum→150Yb 1.291 (3/2+)→ 0+ 2 1.65×10−5 6.01×10−4 3.74×10−3 1.34×10−5 8.31×10−8
155Ta→154Hf 1.451 (11/2−)→ 0+ 5 3.20×10−3 2.75×10−1 9.53×10−1 5.05×10−4 9.12×10−7
156Ta→155Hf 1.021 (2−)→ 7/2−# 2 1.49×10−1 7.81×100 4.63×101 1.44×10−1 7.82×10−4
156Tam→155Hf 1.111 (9+)→ 7/2−# 5 8.39×100 2.09×103 7.05×103 3.55×100 5.86×10−3
157Ta→156Hf 0.941 1/2+→ 0+ 0 2.96×10−1 1.47×101 9.24×101 4.72×10−1 3.47×10−3
160Re→159W 1.271 (4−)→ 7/2−# 0 6.86×10−4 1.89×10−3 1.18×10−2 6.01×10−5 4.66×10−7
161Re→160W 1.201 1/2+→ 0+ 0 4.40×10−4 1.09×10−2 6.75×10−2 3.37×10−4 2.57×10−6
161Rem→160W 1.321 11/2−→ 0+ 5 2.09×10−1 1.67×101 5.56×101 2.79×10−2 4.87×10−5
165Irm→164Os 1.721 (11/2−)→ 0+ 5 3.72×10−4 1.15×10−2 3.84×10−2 1.97×10−5 3.79×10−8
166Ir→165Os 1.161 (2−)→ (7/2−) 2 1.44×10−1 1.44×100 8.08×100 2.24×10−2 1.18×10−4
166Irm→165Os 1.331 (9+)→ (7/2−) 5 8.12×10−1 4.80×101 1.56×102 7.53×10−2 1.31×10−4
167Ir→166Os 1.071 1/2+→ 0+ 0 7.45×10−2 2.75×100 1.64×101 7.33×10−2 5.13×10−4
167Irm→166Os 1.246 11/2−→ 0+ 5 6.00×100 3.92×102 1.27×103 6.05×10−1 1.04×10−3
170Au→169Pt 1.471 (2−)→ (7/2−) 2 3.25×10−4 1.65×10−3 9.17×10−3 2.54×10−5 1.41×10−7
170Aum→169Pt 1.751 (9+)→ (7/2−) 5 1.06×10−3 2.06×10−2 6.72×10−2 3.33×10−5 6.39×10−8
171Au→170Pt 1.448 (1/2+)→ 0+ 0 2.23×10−5 2.93×10−4 1.75×10−3 7.85×10−6 5.95×10−8
171Aum→170Pt 1.702 11/2−→ 0+ 5 2.59×10−3 4.13×10−2 1.34×10−1 6.63×10−5 1.27×10−7
176Tl→175Hg 1.261 (3−,4−,5−)→ (7/2−) 0 6.20×10−3 1.48×10−1 8.49×10−1 3.36×10−3 2.27×10−5
177Tl→176Hg 1.155 (1/2+)→ 0+ 0 6.63×10−2 3.20×100 1.82×101 7.03×10−2 4.61×10−4
177Tlm→176Hg 1.962 (11/2−)→ 0+ 5 3.47×10−4 1.35×10−3 4.36×10−3 2.18×10−6 4.54×10−9
185Bim→184Pb 1.607 1/2+→ 0+ 0 6.43×10−5 1.01×10−4 5.66×10−4 2.26×10−6 1.71×10−8
Table 2. Same as Table 1, but for calculations of proton radioactivity half-lives of spherical proton emitters using
the proximity potential formalisms Guo2013, Prox.00 DP and Prox.2010.
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Proton emission Qp Jpii → Jpif lmin T exp1/2 TGuo20131/2 TProx.00DP1/2 TProx.20101/2
(MeV) (s) (s) (s) (s)
145Tm→144Er 1.741 (11/2−)→ 0+ 5 3.17×10−6 4.74×10−6 4.33×10−8 3.83×10−8
146Tm→145Er 0.891 (1+)→ 1/2+# 0 1.55×10−1 8.39×10−1 2.96×10−2 2.73×10−2
146Tmm→145Erm 1.001 (5−)→ 11/2−# 0 7.50×10−2 1.37×10−2 4.96×10−4 4.57×10−4
147Tm→146Er 1.059 11/2−→ 0+ 5 3.74×100 1.54×101 1.28×10−1 1.13×10−1
147Tmm→146Er 1.120 3/2+→ 0+ 2 3.60×10−4 1.82×10−3 4.96×10−5 4.55×10−5
150Lum→149Yb 1.291 (1+,2+)→ (1/2+) 0 4.00×10−5 1.38×10−5 5.02×10−7 4.63×10−7
151Lum→150Yb 1.291 (3/2+)→ 0+ 2 1.65×10−5 7.44×10−5 2.00×10−6 1.83×10−6
155Ta→154Hf 1.451 (11/2−)→ 0+ 5 3.20×10−3 6.53×10−3 5.47×10−5 4.83×10−5
156Ta→155Hf 1.021 (2−)→ 7/2−# 2 1.49×10−1 8.82×10−1 2.15×10−2 1.97×10−2
156Tam→155Hf 1.111 (9+)→ 7/2−# 5 8.39×100 4.79×101 3.83×10−1 3.37×10−1
157Ta→156Hf 0.941 1/2+→ 0+ 0 2.96×10−1 2.37×100 7.71×10−2 7.11×10−2
160Re→159W 1.271 (4−)→ 7/2−# 0 6.86×10−4 3.02×10−4 9.91×10−6 9.13×10−6
161Re→160W 1.201 1/2+→ 0+ 0 4.40×10−4 1.72×10−3 5.60×10−5 5.16×10−5
161Rem→160W 1.321 11/2−→ 0+ 5 2.09×10−1 3.86×10−1 3.14×10−3 2.77×10−3
165Irm→164Os 1.721 (11/2−)→ 0+ 5 3.72×10−4 2.72×10−4 2.30×10−6 2.03×10−6
166Ir→165Os 1.161 (2−)→ (7/2−) 2 1.44×10−1 1.50×10−1 3.46×10−3 3.17×10−3
166Irm→165Os 1.331 (9+)→ (7/2−) 5 8.12×10−1 1.10×100 8.75×10−3 7.72×10−3
167Ir→166Os 1.071 1/2+→ 0+ 0 7.45×10−2 4.05×10−1 1.23×10−2 1.13×10−2
167Irm→166Os 1.246 11/2−→ 0+ 5 6.00×100 8.94×100 7.10×10−2 6.27×10−2
170Au→169Pt 1.471 (2−)→ (7/2−) 2 3.25×10−4 1.71×10−4 3.99×10−6 3.65×10−6
170Aum→169Pt 1.751 (9+)→ (7/2−) 5 1.06×10−3 4.82×10−4 4.00×10−6 3.54×10−6
171Au→170Pt 1.448 (1/2+)→ 0+ 0 2.23×10−5 4.33×10−5 1.35×10−6 1.24×10−6
171Aum→170Pt 1.702 11/2−→ 0+ 5 2.59×10−3 9.71×10−4 8.07×10−6 7.15×10−6
176Tl→175Hg 1.261 (3−,4−,5−)→ (7/2−) 0 6.20×10−3 2.01×10−2 5.74×10−4 5.29×10−4
177Tl→176Hg 1.155 (1/2+)→ 0+ 0 6.63×10−2 4.29×10−1 1.21×10−2 1.11×10−2
177Tlm→176Hg 1.962 (11/2−)→ 0+ 5 3.47×10−4 3.25×10−5 2.79×10−7 2.48×10−7
185Bim→184Pb 1.607 1/2+→ 0+ 0 6.43×10−5 1.38×10−5 4.11×10−7 3.82×10−7
Table 3. The standard deviations between logarithmic values of proton radioactivity half-lives of calculations and
experimental data.
Bass73 CW76 Denisov Denisov DP Guo2013 Prox.00 DP Prox.2010
1.473 2.098 0.952 3.219 0.569 1.706 1.748
Table 4. Same as Table 1, but for predicted radioactivity half-lives of spherical proton emitters, whose proton
radioactivity is energetically allowed or observed but not yet quantified in NUBASE2016 [61], within the proximity
potential Guo2013 formalism.
Proton emission Qp Jpii → Jpif lmin TGuo20131/2
(MeV) (s)
144Tm→143Er 1.711 (10+)→ 9/2−# 5 9.03×10−6
146Tmn→145Erm 1.131 (10+)→ 11/2−# 5 2.03×100
150Lu→149Yb 1.271 (5−,6−)→ (1/2+) 5 1.59×10−1
151Lu→150Yb 1.241 (11/2−)→ 0+ 5 2.89×10−1
159Re→158W 1.591 1/2+#→ 0+ 0 2.37×10−7
164Ir→163Os 1.561 2−#→ 7/2− 2 8.55×10−6
164Irm→163Os 1.821 (9+)→ 7/2− 5 6.09×10−5
165Ir→164Os 1.541 1/2+#→ 0+ 0 1.89×10−6
169Irm→168Os 0.765 (11/2−)→ 0+ 5 1.83×109
169Au→168Pt 1.931 1/2+#→ 0+ 0 7.16×10−9
172Au→171Pt 0.861 (2−)→ 7/2− 2 7.60×104
Continued on next page
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Table 4. – continued from previous page
Proton emission Qp Jpii → Jpif lmin TGuo20131/2
(MeV) (s)
185Bin→184Pb 1.703 13/2+#→ 0+ 6 1.21×10−1
185Bi→184Pb 1.523 9/2−#→ 0+ 5 2.47×10−1
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Fig. 5. (Color online) The Geiger-Nuttall law for
different cases of proton radioactivity between
log10T
Guo2013
1/2 and Q
−1/2
p . The nuclei denoted as
solid color and open symbols are taken from Table
2 and Table 4, respectively.
4 Summary
In summary, we performed a comparative study of
28 versions proximity potential formalisms applied to
proton radioactivity half-lives of spherical proton emit-
ters. The calculations show that the proximity po-
tential Guo2013 formalism gives the lowest rms devi-
ation in the description of the experimental half-lives
of the known spherical protons emitters. As an appli-
cation, we predict the proton radioactivity half-lives of
13 spherical proton emitters, whose proton radioactivity
is energetically allowed or observed but not yet quanti-
fied in NUBASE2016, adopting the proximity potential
Guo2013 formalism. Our calculated half-lives differ from
the experiment values by a factor of 3.71 on average.
This work will be used as a reference for experimental
and theoretical research in the future.
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